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Abstract 

In this study, infrared thermography is used to measure the temperature response of integrated on silicon spiral 
inductors to a unit step electrical signal used to excite the samples. The measurements are performed with the use of 
high speed infrared equipment. The thermal impedance is then extracted from the transient temperature response. 
Finally, an attempt is made to model the thermal network of the spiral inductors based on the experimental 
measurements. A one-dimensional analytic thermal modelling approach is applied. Simple geometric structures are 
modelled in order to understand the complexity of the heat flow throughout the volume of the device under test. 

1. Introduction 

In the present work, the investigation of the transient thermal behaviour of spiral inductors integrated on silicon 
is presented. The nature of the problem is twofold. The first goal of the research consists of measuring the transient 
thermal response of the samples under test to a unit step electrical signal. Besides, the behaviour captured from the 
experiments is attempted to be modelled by means of simple one-dimensional heat diffusion equations. 

A series of inductors has been designed and integrated in silicon AMIS 0.5, TM1P twin-tub technology [1] with 
three layers of metallization. A layout of the circuitry is presented in figure 1(a), and (c). The same set of inductors has 
been examined in the past in [2]. In the current study, the position of the inductors is the differentiating parameter 
between the different coils. For each inductor, their temperature response to a heat step function is measured. The 
inductors are excited by a DC current. The joule losses act as a power step function which excites the thermal RC 
network. 
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Fig. 1. (a) Layout of a sample inductor, (b) Cross sectional view of the wafer, (c) Layout of the integrated circuit 

The thermal impedance of the device is consequently extracted from transient temperature measurements. 
These measurements were conducted with the use of high speed infrared equipment. The time domain measurements 
were transformed in the frequency domain. Nyquist representations of the complex thermal impedance were then plotted 
in order to evaluate the behaviour of the thermal RC network of the samples [3]. In this way, it is easier to observe the 
topography of the thermal network. 

Having evaluated the thermal behaviour of the samples, an attempt has been made to model the heat flow. 
Simple analytical models of the heat transfer throughout the device are examined. The proposed modelling method is 
considering the structure as one-dimensional. With the aim of providing quick estimations of the thermal resistance or the 
dynamic thermal behaviour of electronic devices, various approximations have been used in previous works [4]. In the 
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work of Vermeersch [5, 6], a one-dimensional approach was used to describe the heat diffusion in real cooled substrate 
with a square heat source on the top surface.  

There also exist many exact or approximate solutions of the thermal problem of a heat source on a conductive 
substrate [7, 8]. The effect of heat sources’ positioning on the thermal behaviour of the power dissipating elements is 
considered in [9]. Most of the above cited models are limited to the steady state heat conduction, suitable therefore to 
evaluate the thermal resistance. Most sophisticated approaches, addressed to the dynamic thermal behaviour modelling 
of electronic devices are also proposed in [10]. Similar techniques have also been used to create compact thermal 
models out of transient temperature measurements [11]. 

2. Problem statement 

As shown in figure 1(a), the external dimensions of the geometry are approximately 160 µm × 160 µm. The 
silicon wafer is mounted on a FR4 board. The inductors are placed on top of a non-conductive SiO2 layer which 
constitutes a necessary electrical insulation between the inductor and the electrically conducting substrate. At the same 
time, the SiO2 layer is characterized by a much lower thermal conductivity in comparison to Si. Thus, the oxide layer 
constitutes also an unwanted thermal insulation layer [12]. Wire bonding is connecting the pads of each inductor with the 
FR4 copper coating, providing conductive path to the power supply. The inductors that were measured are 1, 2, and 3 in 
figure 1(c). The material properties which were used during the analytical calculations are given in Table 1. 

Table 1. Properties of the different layers of the sample. 

Layer 1 2 3 4 
Material paint SiO2 Si FR4 

cv [J/m3.K] 2000000 1613333 1654300 1110000 
K [W/m.K] 1 1.38 148 0.25 

thickness [µm] 5 5 350 1600 
 

It is common knowledge that there is a direct analogy between electrical and thermal networks. Trying to 
measure the thermal impedance though, one can notice that this is not an easy task. In the case of thermal engineering, 
measurement of the transient temperature response to a power step excitation is required. 

Thermal impedance Zth is a convenient parameter for the thermal characterization of electronic integrated 
circuits [3, 13]. The temperature response Tstep(t) to a heating step function Pste(t)=P0u(t) has been used to evaluate the 
thermal impedance versus frequency. The complex thermal impedance can be expressed by the following equation: 
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where L denotes Laplace transformation, and P0  is the power delivered to the inductor in steady state. By substituting 
s=jω we get the frequency domain representation, where ω is the angular frequency. 

In order to evaluate the thermal impedance, the temperature is measured on the heat source. In case of 
experimental measurements, a finite number of discrete temperature samples are available. Thus, the thermal 
impedance of equation (1) has to be calculated numerically. The algorithm which is proposed for the numerical 
calculation of the thermal impedance from the discrete measurements makes use of the Filon-type quadrature [14]. 

For the theoretical analysis, the samples were assumed to be one-dimensional (figure 2(a)). It was also 
proposed that the shape of the coils can be considered circular with homogeneous heat dissipation. It should be outlined 
that the position of the heat source on top of the chip die was not considered of importance during the analysis and 
therefore neglected from our analysis. Otherwise, it would be impossible to model the position of the heat source with the 
use of one-dimensional heat equation. The heat transfer coefficient h is considered equal to 20 W/m2K. The heat is 
supposed to spreading from a circular homogeneous heat source which is placed at the paint/SiO2 interface. The radius 
of this circle is considered initially equal to 80 µm. The power P dissipated is calculated as the product of the square of 
the current flowing through the series resistance of the inductor I2 multiplied by the series resistance Rseries. The current 
is chosen equal to the one measured during the one measured during the experimental inspection of the samples.  

3. Experimental measurements 

The temperature response to a heat step function and thus the thermal impedance of the different heat sources 
can be used to describe the thermal network as well as the differences among them. For each inductor, their temperature 
response was measured. A DC current source was used as a heat source, and the value of the current was selected 
99.6 mA. 
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Fig. 2. (a) One-dimensional representation of the four-layered structure’s thermal network, (b) Thermal 

impedance of the FR4 board used as boundary condition 

The temperature response was then measured with the use infrared thermographic camera from CEDIP (Cedip 
Titanium 560M) [15]. The spectral response of this InSb camera is 3.6-4.9 µm, and its noise equivalent temperature 
difference (NETD) is less than 25 mK at 25 °C. The frame rate of the CEDIP camera was 700 frames per second. The 
option of sub-windowing was used for this purpose. In comparison with previous research [2], the frame rate is 
considered better, as it is considerably higher. Consequently, the results were transformed in the frequency domain and 
represented as Nyquist plots [3].  

In order to guarantee a uniform surface and temporal emissivity, the surface of the sample has been painted 
with black mat paint. The exact thickness and other interface properties between the surface of the device and the paint 
mass cannot be evaluated directly. The paint layer has been assumed to be approximately 30 µm thick. Hence during 
the experiments, the temperature on the top of the paint coating has been recorded. Therefore, this effect had to be 
taken into account throughout the analytical calculations and modelling. The value for the paint thickness used during the 
analysis is given in Table 1. 

Specially designed extension rings have been used so as to achieve the required spatial resolution and render 
the small inductors visible on the infrared images. This way close up thermography was rendered possible [16, 17]. A 60 
mm-extension tube was added between the lens and the camera housing, allowing the increase of the spatial resolution 
from about 88 µm per pixel to 7 µm per pixel. One image corresponds to 1.11 mm × 0.9 mm on the silicon chip, while 
one pixel corresponds to 7 × 7 square micrometers on the silicon chip. 

The results are presented in figure 3(a) in logarithmic scale. The temperature is averaged over the surface of 
the coil and then plotted versus time. Then the results were transformed in the frequency domain as described in section 
2. The impedance function can be visualized in the complex plane using the Nyquist representation. The Nyquist plot is a 
curve where the imag(Zth(jω)) is plotted versus the real(Zth(jω)) using angular frequency ω as a parameter. 

The results obtained after transformation in the frequency domain are presented in figure 3(b). As explained by 
Kawka [3], a Nyquist plot can be analysed in a series of circles centred on the Ox axis. In special cases, the centre of 
these circles can lie above the Ox axis. The frequencies corresponding to the centres of the circles are in direct 
correlation to the time constant spectrum central characteristic values. 

The thermal behaviour of all three inductors is similar. There are differences which are probably caused by the 
variations in the thickness of the layers as regards the heat flow path, or the positioning of the inductors on the die. On 
the other hand, as one would expect their response to a heat step function is similar. The frequencies where the central 
points of the main circular arcs are occurring are almost the same for all the three inductors.  

Thanks to the high frequency rate of the thermal imaging equipment, it was rendered possible to observe the 
high frequency arc of the Nyquist plot. The high frequency arc of the diagram is mainly dependent on the material 
properties and geometry of the thermal network components in the vicinity of the heat sources. As regards the shape of 
the high frequency arc, it is obvious that the real part of the thermal impedance can take negative values. This is due to 
the paint coating which covers the heat source. Thus, the extracted thermal impedance can be described as transfer 
thermal impedance [18]. 

The low frequency arc covering the biggest part of the Nyquist plot is caused by the low thermal conductivity of 
the epoxy FR4 board. One can assume that the most defining factor of the thermal behaviour of the device is the 
convective cooling. The differences among the different curves are mainly concerning the size of the arcs, while their 
shape is almost the same. This can be owed to the positioning of the inductor with the highest thermal resistance closer 
to the centre of the silicon die, leading to a smaller convective surface in the vicinity of the heat source. On the contrary, 
the inductor with the lowest thermal resistance is inductor 1 which lies at the corner of the sample. This also advocates 
for validity of the measurements. 
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Fig. 3. (a) Temperature response for inductors 1, 2, and 3, (b) Nyquist plot of the thermal impedance. 

4. Analytical model 

A simple way to describe a device’s dynamic thermal behaviour is with the use of one-dimensional heat 
equations. We consider the heat source’s and each layer’s surface equal (figure 2(a)). Therefore, the temperature is 
dependent on only one spatial coordinate x. The structure consists of four layers; the heat source is at the interface 
between the paint and silicon dioxide layer. In each layer, the temperature must satisfy the heat equation. The thickness 
of the paint layer is a, the one of the silicon dioxide is b-a, the thickness of the silicon layer is c-b, and that of the FR4 
board is ts. In the frequency domain, the system of equations that describes the heat diffusion throughout the device is: 
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where the temperature Ti can take the values T1, T2, T3, and T4 for layer 1, 2, 3, and 4 respectively. The boundaries 
(di,d’i) are (0,a), (a,b), (b,c), and (c,d) for the corresponding layers. ki is the thermal conductivity of the ith layer. 
Considering zero ambient temperature, the boundary condition on a surface where heat convection is present is given 
by: 
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where L is the position of the boundary on the x axis. In the current case the value of L can be zero or c+ts. Boundary 
conditions describing interfaces between layers are given by the equations: 
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where di is the position of the interface between layer i and i+1 on the x axis. The boundary condition at the paint-silicon 
interface (di=a), where the heat source is located, is described by the equation: 
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where P is the power dissipated in the structure. 
The results of the analysis are presented in form of Nyquist plots in figure 4 (model 1). One can notice that the 

graph consists of two arcs, one big in the low frequency range with central frequency at ω=0.0011 Hz, and a smaller arc 
closer to centre of the axis. The value of the thermal resistance and the shape of the graph are not close to that of the 
experimental measurements of figure 3(b). 

If we assume that the epoxy FR4 layer is replaced by a thermal impedance boundary condition at x=c, then the 
differential equation (2) for the region c<x<d, and the boundary conditions (4) and (5) for di=c can be replaced by a single 
boundary condition. In order to achieve that, we propose that the FR4 board is replaced by a semi-infinite medium made 
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out of the same material. In addition, the interface boundary condition between the silicon layer and the FR4 board can 
be considered a semi-spherical surface with radius R, where the heat is dissipated uniformly from one medium to the 
other. A cross section of the proposed structure replacing the FR4 board is presented in figure 2(b). According to [4], the 
thermal impedance of such a structure is given by: 
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where Z0=1/2πk4R, and s0=k/C4R
2. The thermal impedance of the structure at the semi-spherical surface is given by: 
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After simple manipulations, the boundary condition at the boundary x=c turns to: 
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Considering the work of Vermeersch [4], the thermal impedance proposed there fits well the thermal impedance 
proposed by equation (9). Without loss in validity, the boundary condition at x=c can be described by: 
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 After solving the new system of equations, we get the thermal impedance as plotted in figure 4 (model 2). The 
complex thermal impedance is calculated on top of the paint layer as mentioned earlier. Notice that the thermal 
resistance is reduced to almost half in comparison to the solution produced by the system of equations (2)-(6). On the 
contrary, the frequency where the minimum of the imaginary part occurs is multiplied. The shape of the arcs does not 
resemble a circular any more. It is shifted towards the imaginary axis. One should also notice that no other arc is any 
more visible. 
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Fig. 4. Thermal impedance Nyquist plot of (model 1) the system of eq.(2)-(6), and (model2) the system where 

the differential equation (2) for c<x<d and the boundary conditions at x=c, d are replaced by equation (10) at x=c. 

5. Conclusion 

The main purpose of this work was to evaluate the dynamic thermal behaviour from thermographic 
measurements against analytical modelling results. The proposed models were based on simple one-dimensional set of 
diffusion equations representing the thermal network of the complex structure of the silicon die. 

Infrared thermographic equipment was used to measure the temperature response to a unit step function. The 
frame rate and thus the sampling rate were improved in comparison to previous works. It was rendered possible to 
generate images at a rate of 700 frames per second. The temperature on the top of the paint coating has been recorded 
during the experiments. Special extension tube rings were used to increase the spatial resolution of the images.  
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The temperature measurements were transformed in the frequency domain. The temperature response to a 
heating step function Tstep(t) has been used to evaluate the thermal impedance versus frequency. The thermal 
impedance is then presented in the form of Nyquist plot.  

The thermal behaviour of all three inductors is similar. There are differences which are caused by the variations 
in the thickness of the layers as regards the heat flow path, and the positioning of the inductors on the die. The central 
characteristic frequencies of the main circular arcs are occurring are almost the same for all the three inductors. 

A simple analytical model of the heat transfer throughout the device's thermal network is taken into account. 
Further simplifications are taken into account in order to approximate the experimental measurements. The system of 
equations is reduced as the differential equation (2) for c<x<d and the corresponding boundary conditions are replaced 
by a simple differential equation (10), substituting the fourth layer by a surface impedance boundary condition. The 
correction introduced by this approach is improving the shape of the Nyquist plot in comparison to the experimental 
measurements.  

The main discrepancy is the value of the total thermal resistance and the fact that the high frequency arc of the 
Nyquist plot in figure 4 (model 2) is not visible. Further modifications are needed for the analytical one-dimensional model 
to describe sufficiently the heat flow through the samples examined. Spreading in lateral directions is to be considered in 
future work.  
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